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Abstract. We use coefficient systems on ttie affinc Brutiat-Tits building to 
study admissible representations of reductive p-adic groups in cfiaracteristic 
not equal to p. We show that the character function is locally constant and 
provide explicit neighbourhoods of constancy. We estimate the growth of the 
subspaces of invariants for compact open subgroups. 



Let F be a non- Archimedean local field, possibly of nonzero characteristic, and 
let G be a reductive algebraic group over F, briefly called a reductive p-adic group. 
Let TT be an admissible representation of G on a complex vector space V. Since 
has finite dimension for every compact open subgroup K Q G, the operator 7r(/) has 
finite rank for all test functions /. The resulting distribution 07r(/) ■= tr(7r(/), V) 
is called the character of tt. Since V usually has infinite dimension, the operators 
TT{g) need not be trace-class for g ^ G. Nevertheless, Harish- Chandra could show 
that the character is described by a locally integrable function: 

Theorem 1.1 (Harish-Chandra). Let n: G Ant(V) be an admissible represen- 
tation of a reductive p-adic group. 

(a) The operator n{g) has a well-defined trace tr^((7) when g belongs to the set 
Grss of regular semisimple elements. 

(b) The function tr^r : Grss ^ C is locally constant. 

(c) The function tr^, extended by on G\Grss, 'is locally integrable with respect 
to the Haar measure fj, on G, and for any test function f , 
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(d) Let D[g) for g S Grss be the determinant of Ad{g) — 1 acting on Lie(G) / 
Lie(T) for a maximal torus T in G containing g. The function G 3 g ^ 
\D{g)\^/'^ iT:-,^{g) is locally bounded. 

The original proof of this deep theorem is distributed over various papers of 
Harish-Chandra collected in [7]. A complete account of it can be found in [5]. The 



proofs of (c) and |(d)| use the exponential mapping for G, which only works well if 
the characteristic of F is zero. It is reasonable to expect that | (c) | and |(d)| are valid in 
non-zero characteristic as well, but the authors are not aware of a proof. According 



to [231 paragraph E.4.4] Harish-Chandra's proof of (a) and |(b)| remains valid if one 



replaces C by an algebraically closed field of characteristic unequal to p. 

In this article we generalise part of Theorem 11.11 to representations on modules 
over unital rings in which p is invertible. In this purely algebraic setting, we can only 



define the character as a function where it is locally constant. To prove (a) and |(b) 
we describe explicit neighbourhoods on which trTr is constant. In characteristic 
similar results are due to Adler and Korman [T]. 



Parts (c) and |(d)| seem specific to real or complex representations because they 
involve analysis. Unfortunately, our methods are insufficient to (re)prove them, as 
we discuss in the last section. 

As a substitute we estimate the dimension of invariant subspaces for certain 
compact open subgroups K in G. The authors have not found growth estimates 
for these dimensions in the literature. Since is the range of an idempotent {K) 
in the Hecke algebra associated to if , we get 



dimy^ = ^^tr,(g)dA*(5). 



But the estimate in |(d)| is not strong enough to control these integrals. 

Our methods are of a geometric nature and involve the affine building of G. Thus 
we will make extensive use of Bruhat-Tits theory, including some hard parts. At 
the same time, we use only little representation theory. Both of our main results 
use the resolutions constructed by Schneider and Stuhler [TS]. These resolutions 
are based on a family of compact open subgroups ui'^^ for e G N, indexed by 
vertices of the affine Bruhat-Tits building. These generate subgroups ui^'^ indexed 
by polysimplices in the building. The invariant subspaces V^'''^ ' in an admissible 
representation V form a locally finite-dimensional coefficient system on the building. 
It is shown in |11) that this coefficient system is acyclic on any convex subcomplex 
of the building. In particular, it provides a resolution of V of finite type. 

Here we need acyclicity also for finite subcomplexes of the building because 
this provides chain complexes of finite-dimensional vector spaces, which are used 
in [TT] to express the character of ^ as a sum over contributions of polysimplices 
in the building. We use this formula to find for each regular semisimple element 7 
and each vertex x in the building a number r such that the character is constant 

(r) 

onUx 7; the constant r depends the distance between x and a subset of the building 
corresponding to the maximal torus containing 7, on the (ir)regularity of 7, and 
on the level of the representation V, that is, on the smallest e £ N such that V is 
generated by the C/y'^-'-invariants for all vertices y. 

Along the way, we also prove some auxiliary results that may be useful in other 
contexts. We prove that the parabolic subgroup contracted by an element of a 
reductive p-adic group is indeed parabolic and, in particular, algebraic (Proposi- 
tion 12. 3p . We describe which points in the building are fixed by a semisimple 
element in Section U) We establish that the level of representations is preserved by 
Jacquet induction and restriction (Proposition 15 .8| ) . The relationship between char- 
acter function and distribution is made precise in an algebraic setting in Section [HI 
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2. The structure of reductive algebraic groups 

We fix our notation and recall some general facts from the theory of linear 
algebraic groups. Nothing in this section is new and most of it can be found in 
several textbooks, for example piT. 

Let be a linear algebraic group defined over a field F. The collections of 
characters and cocharacters of G are denoted by X*{G) and Xt,{Q), respectively. 
Let G := ^(F) be its group of F-rational points. By definition, an algebraic 
(co)character of G is a (co)character of Q that is defined over F. The corresponding 
sets are denoted by X*{G) and X^,{G). Let Z{Q) be the centre of Q and let Z^iff) 
be the maximal connected algebraic subgroup of Z{Q). We denote the centraliser 
in of an element g G G by Zg(g). 

We will assume throughout that Q is connected and reductive. An algebraic 
subgroup 7^ of is parabolic ii Q /V is a complete algebraic variety. We denote the 
unipotent radical of V by TZuiV). A Levi factor of is a reductive subgroup A4 
such that V = Mp< UuiV). 

We write Z(G), Zc(G), P, Ru(-P), and M for the groups of F-points of Z{g), 
Zc{g), ■P, TZuiV), and M, respectively. We denote the space of F-points of the Lie 
algebra of Q by LieF(^). 

We say that an algebraic torus T splits over F if 7~(F) = (F^)'^""''" as F-groups. 
We say that G splits (over F) if there is a maximal torus T of ^ that splits over F. 

Proposition 2.1. There is a finite Galois extension o/F over which Q splits. 

Proof. For tori this was first proven by Ono [141 Proposition 1.2.1]. This implies 
the result for general reductive groups. □ 

Let S be maximal among the tori in Q that split over F and let 5* := S{¥). We 
call S a maximal split torus in G. Notice that every algebraic (co)character of S is 
defined over F, as S is split. Let $ = <^{Q,S) C X* [S) be the root system of Q with 
respect to S, and let $^ C A'*(5) be the dual root system. Let Zg{S) and Mg{S) 
denote the centraliser and the normaliser of 5 in ^ and let Zg{S) and Ng(5') be 
their groups of F-points. The Weyl group of $ is 

W{^) -.^NaiS) / Zg{S). 

The root system <J> need not be reduced if G is not split. The corresponding reduced 
root system is 

(1) := {a e S) : a/2 ^ $(0, S)}. 

For every root a G ^{Q,S) there is a unipotent algebraic subgroup Ua C G with 
group of F-points Ua-, characterised by the following two conditions: 

• Zg (S) normalises Ua , 

• luier{Ua) is the sum of the 5- weight spaces for a and 2a, with respect to 
the adjoint action of S on Lie^^Q). 

If a, 2a e $ then U2a £ Ua, and it is convenient to write U2a = {1} if a G $ but 
2a ^ $. The groups Ua/U2a and U2a are naturally endowed with the structure of 
an F-vector space and are isomorphic to their respective Lie algebras. The subset 
Uae^'-d Ua U Zg(S') generates the group G. 

Let be a system of positive roots in $ and let A C be the corresponding 
basis. Any subset £) C A is a basis of a root system ■= '^D Ci $. The algebraic 
subgroup Vd of G generated by Zg{S) and the Ua with a G $£> U is parabolic. 
Its unipotent radical is generated by the Ua with a G \ <1'^. The group Md 
that is generated by Uae^o ^ ^si'^) ^ Levi subgroup of Vd- Moreover, 
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= Zg{SD), where Sd is the connected component of 

Pi kera C Z{Md)- 

We note that "Pg is a Borel subgroup of Q, that Va = -Ma = G, and that 5a (F) is 
the unique maximal split torus of Z{Q). 

Definition 2.2. Groups of the form Vd are called standard parabolic (with respect 
to S and $+). 

Every parabolic subgroup of Q is conjugate to exactly one standard parabolic 
subgroup. Let $^ := — be the set of negative roots and let Vd be subgroup 
of G generated by Zg{S) and the Ua with a S U <I>~. The parabolic subgroup 
Vd is opposite to Vd in the sense that Vd H Vd = A4d is a Levi subgroup of both. 
Moreover 

LiewiG) = Ucw(n,,{VD)) © UeriMo) © UeriTl^^iVD)) ■ 
We shall also need the pseudo-parabolic subgroup 

(2) Fix) ■■={peG: limx{X)pxW exists} 

for an algebraic cocharacter — > G. This limit is meant purely algebraically, 
by definition it exists if and only if the corresponding map — >■ G extends to an 
algebraic morphism F — > G. In a reductive group, any pseudo-parabolic subgroup 
is the group of F-points of a parabolic subgroup by [5D1 Lemma 15.1.2]. 

From now on we assume that the field F is endowed with a non-trival discrete 
valuation F — >■ Q U {oo}. We fix a real number q > 1 and we define a metric 
on F by 

Via an embedding G GL„, the metric d yields a metric on G = t/(F) as well. Even 
though there is no unique way to do this, the resulting collection of bounded subsets 
of G is canonical. This homology on G is compatible with the group structure, in 
the sense that B^^B2 is bounded for all bounded subsets Bi and B2 of G. 

It follows directly from the properties of a valuation that every finitely generated 
subgroup of (F, +) is bounded, and this implies that every unipotent element of G 
generates a bounded subgroup. 

Following Deligne [B], we assign to any g G G the parabolic subgroup contracted 

by g, 

(3) Pg:={peG: {g^pg-"" : n G N} is bounded}, 
and 

(4) Mg := Pg n Pg-i ^ {p £ G : {g''pg-" : n e Z} is bounded} . 

The following result, which will be needed in Section 17. 2[ was proved in [151 
Lemma 2] under the additional assumptions that G is semisimple and almost F-simple, 
Although it is apparently well-known that it holds for general reductive groups, the 
authors have not found a good reference for this. 

Proposition 2.3. The subgroups Pg and Mg for g £ G have the following proper- 
ties: 

(a) Pg is a parabolic subgroup of G. 

(b) R,(Pg) = {p e G : lim„^o, 3>5-" = 1}. 

(c) The parabolic subgroup Pg-^ is opposite to Pg and Mg is a Levi subgroup 

(d) gZ(Mg) is contained in a bounded subgroup of Mg / Z(Mg). 
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Proof. We first establisli (a). Clearly, Pg is a subgroup of G that contains g. The 
difficulty is to show that Pg is an algebraic subgroup of G, although it is defined 
in topological terms. Choose a finite extension field ¥g of F which contains the 
roots of the characteristic polynomial of g. Then we have a Jordan decomposition 
9 — 9sgu = 5uffs in Q{¥g), see |20[ Section 2.4]. Let 7" be a maximal torus in Q 
defined over Fg that contains (js, and let F be a finite extension field of Fg over 
which T splits (Proposition 12. II) . We may and will assume that F is normal over F. 
According to [121 Section 1.4] the valuation v extends to a valuation v on F. We 
abbreviate Q{¥) ~ G, and similarly for its algebraic subgroups. Let $ be the root 
system of G with respect to T- 

Since g„ is unipotent, K := {y" : n G Z} is a bounded subgroup of G, and it 
centralises gs- For a G $ and p G J7q \ {!}, the following are equivalent: 

• {9^P9~^ : n G N} is bounded, 

• K{9sP97'^ ■ n G N}K is bounded, 

• {9sP9s^ : n eN} is bounded, 

• 9sP9j^ = Ap with {A" : n G N} C F bounded, 

• v{a{gs)) > 0. 

We may choose a system of positive roots with v(^a{gs)) > for all a G 
Let £) C A be the set of simple roots with v{a{gs)) = 0. The group Pg is generated 
by f T(F) and aU tja with a G $+ U Thus Pg is the group of F-points 
of the parabolic subgroup Vd of Q, and the collection of non-zero weights of T in 
Liejp.('pD) equals 

(5) {ae^:i{a{gs))>0}^:^Vg,T). 

As mentioned above, Pg is also a pseudo-parabolic subgroup of G, so there is a 
cocharacter x G X^{Q) with Pg = P{x}- In fact, any x G X*(T) with 

(6) {ae^:{a,x)>0} = HPg,T) 

will do. To prove that = Pg H G is a parabolic subgroup of G, we must find 
a cocharacter x that satisfies ^ and is defined over F. Then Pg = P(x) will be 
pseudo-parabolic and hence parabolic. 

Let r be the group of field automorphisms of F over F. Since g G 5(F) and F acts 
continuously, the subgroup Pg is F-invariant by so that 70x0 satisfies ([6]) 
for all 7 G F. Since the set of solutions of ^ forms a cone in the free abelian group 
Ar*(T), it contains 

Thus Pg = P{x^). The cocharacter x'" is defined over F'". The field extension 
F C F'" is finite and purely inseparable, see for example [TUl Section 7.7]. Hence 
some positive multiple x of x'" is defined over F and still satisfies ([6]) . This yields 
Pg = P(x) and finishes the proof of (a). 

Now we prove (b). Liep('Pg) is spanned by the vectors X G Lief{Q) with 
Ad{gs)X = \X with v{X) > 0. Similarly, LiefiTZuiVg)) is spanned by the root 
subspaces Lie^{Ua) with a G ^{Vg,T) but — a ^ ^C^g^ T). These are precisely the 
a G $ with v{a{gs)) > 0. Therefore 

limg>57" = l ^ /iGRu(Pg). 

n— >oo 

Since all powers of <?„ are contained in the bounded subgroup K , these statements 
are also equivalent to lim„_j.oo = 1. Now (b) follows because Ru(Pg) = 

R„(Pg)nPg. 
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Next we establish (c). Let x be a cocharacter of Q defined over F with Pg = 
P{x)- The same reasoning as in the proof of (a) shows that Pg-i = P(— x)- The 
assertion (c) now fohows by applying [201 Theorem 13.4.2] to Pg and Pg-^- 

Finally, we turn to (d). The eigenvalues of Ad{gs) acting on Lie|.(A^g) aU have 
valuation 0. Hence Ad{g) lies in a bounded subgroup of the adjoint group of Mg. 
Equivalently, the image of g in Mg / Z{Mg) generates a bounded subgroup. Finally, 
we note that Mg / Z{Mg) can be identified with a subgroup of Alg / Z{Mg). □ 

3. Some Bruhat-Tits theory 

We keep the notation from Section [2j Let F be a non- Archimedean local field 
with a discrete valuation v. We normalise v hy v{¥^) — Z. Let O C F be the ring 
of integers and *P C O its maximal ideal. The cardinality q of the residue field O/^ 
is a power of a prime number p. We briefly call F a p-adic field. 

Bruhat and Tits [31IU[3T] constructed an affine building for any reductive p-adic 
group G = 5(F). More precisely, they constructed two buildings, one corresponding 
to G and one corresponding to the maximal semisimple quotient of G. We call the 
latter the Bruhat-Tits building of G and denote it by B{g, F). Relying on [HI § 1.1] 
and [231 Section 1], we now recall its construction. The main ingredients are certain 
subgroups Ua^r and Hr of G. 

3.1. The prolonged valuated root datum. Let (•, ): X,(<S) x X*{S) — Z be 
the canonical pairing. There is a unique group homoniorphism 

ly: Zg{S) X,{S) ®z R 

such that {v{z),x\s) = -v{x{z)) for aU x e X*(Zg(5)). Let 

H := kcr(i.) ^{ze Zg{S) : v{x{z)) - for afl x e X*{Zg{S))}. 

be the maximal compact subgroup of Zq{S). 

Bruhat and Tits [3] defined discrete decreasing filtrations of H and Ua by com- 
pact open subgroups Hr and Ua.r, respectively. These groups satisfy the properties 
of a "prolonged valuated root datum" [3s §6.2]. We first describe these subgroups 
in the special case where Q splits over F. Then each Ua is a one-dimensional vec- 
tor space over F, and a Chevalley basis of lAe^{Q) gives rise to an isomorphism 
Ua — F. Chevalley bases are known to exist but they are not unique. We fix one, 
and we use suitable subsets as bases of \Aef{'PD) and LieF(A^u), for any standard 
parabolic subgroup Pd with Levi factor M^. Thus Ua is endowed with a discrete 
valuation Va and one defines 

(7) Ua^r v-^{[r, oo]) for r £ K. 

By assumption, the maximal split torus is a maximal torus, that is, S = Zg(S). For 
r < we may put H,. = H, but Hq is more difficult to define. According to [H 5.2.1] 
there is a canonical smooth afiine O-group scheme 3 such that 3(F) — Zg{S). Let 3c 
be the neutral component of 3 and put Hq ;= "^dO)- The inclusions 

Ho C 3(0) C fl- 
are all of finite index. We define 

(8) Hr := {zeHo: v{x{z) - 1) > r for aU x & X*{Zg{S))} 

for r > as in [TSl Proposition 1.2.6]. 

Now we extend the above construction to a non-split group G. Proposition 12. II 
provides a finite Galois extension F of F over which Q splits. The strategy of descent 
is explained in [3j Chapitre 9]; the basic idea is to construct the required groups 
first in Q{¥) and then to intersect them with g{¥). This does not work as such 
because the root system of Q{¥) is usually larger than that of Q{¥), so that must be 
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taken into account as well. Bruhat and Tits descend in two steps: first from split to 
quasi-split, then from there to the general case. This is, in all probability, necessary 
for the proof, but the conclusions can be written down in one step. Of course it is by 
no means obvious that the groups we will define below form a (prolonged) valuated 
root datum: proving this is precisely what most of the work in [i] is dedicated to. 

If X is any object constructed over F, then we will denote the corresponding 
object over F by X. According to [THl Proposition 1.2.3] F is also a local field, and 
there is a unique discrete valuation v: F— >QU{oo} that extends v. By definition, 

where e^.^^. £ N is the ramification index of F over F. The constructions above still 
work for this non- normalised valuation v. 

Let S C Q{¥) be a maximal F-split torus that contains 5(F). Since S ^ S, 
restriction of characters defines a surjection 

(9) ps: *U{0}^$U{0}. 

For a e and r € M the descent |4, 4.2.2 and 5.1.16] boils down to 



(10) 



U2a,r '■— U2a H 



These groups do not depend on the chosen ordering of the factors. For a standard 
Levi subgroup Md C G and a G $d, our consistent choice of Chevalley bases 
ensures that it does not matter whether we consider the groups Ua,r in G or Md. 
We can use ([TU)) to define a valuation on Ua by 

(11) Va{Ua) ■= SUpjr G R : li^ G Ua,r}- 

Clearly this reproduces Q in the split case. Let Fq, be the set of r G K. at which Ua^r 
jumps, or equivalently the set of values of Wq (except Uq.(1) = oo). By construction, 
f/? = e^^L^ for all /3 G $, which implies 

Z C F„ C e^l^^Z for all a G 

More precisely, O 6.2.23] and 18, Lemma 1.2.10] yield G N for a G <J> with the 
following properties: 

• Fq = n^^Z; 

• JT-tua = for w G H^($); 

• n2a = na or n2a = whenever a, 2a G <!'. 

Similar to ^ one defines for r G M (see [H L2.6] and 23, Section 1]) : 

(12) Hr := Zg(5) n ('tJ, X [] Up,, 

A particularly useful property of the above groups, which holds more or less by the 
definition of a prolonged valuated root datum 3, Proposition 6.4.41], is as follows. 
Let a, /3 G $ U {0} and let r, s G M, with r > if a = and s > if /3 = 0. Then 

(13) [C/a,r, f^/3,s] ^ subgroup generated by Una -\-m^ ,nr-\-ms •> 

n,m EZ>o 

where Uo,t = Ht and Usa = {1} if 5 ^ $ U {0}. 
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3.2. The affine Bruhat— Tits building. The image of any cocharacter — > 
Zc(G) lies in C S, the maximal F-split torus in Zc(G). Hence X^.{Zc{G)) = 
X*(S'a)- The standard apartment is 

^5 {X,{S)/X,iZ,iG))) ®zM= (X,(5)/X,(5a)) ®z M. 

The affine Bruhat-Tits building B{G, F) will be defined as G x ^5 / ^ for a suitable 
equivalence relation r^. 

Let {■,-)as be a VF($)-invariant inner product on As- Then the different ir- 
reducible components <1>^ of <i>^ are orthogonal and on the inner product is 
unique up to scaling. Thus we may assume that (a^, a^)As — 1 for short coroots 

e 

The centraliser Zc{S) acts on ^5 by 

g ■ X ^ X + i^{g). 

This extends to an action of Ng(>S') on As by affine automorphisms, such that 
the linear part of a; n- g • a; is given by the image of g S Ng{S) in W{^). In 
particular, the action of g on As is a translation if and only if 5 S Zq{S). The 
affine hyperplanes 

(14) As,a.k {x E As ■■ (x, a) ^ k} for a e (f> and k eTa 

turn As into a polysimplicial complex. The open polysimplices are called facets, 
that is, a facet in As is a non-empty subset F C As such that 

• F C As^a,k or F lies entirely on one side of As.a,k for all a G $ and fc G F^; 

• F cannot be extended to a larger set with the first property. 

Thus the closure of a facet is a polysimplex, and a facet is closed if and only if it 
is a single point. Moreover, a facet is open in ^5 if and only if it is of maximal 
dimension, in which case we call it a chamber. 

The affine action of Ng{S) on As respects the polysimplicial structure. In fact, 
Ng(S') is generated by the translations coming from ZciS) and the reflections in 
the hyperplanes As^a.k- 

X X + {k — {x, a))a^ a G $, A; G Fq, 

where G is the coroot corresponding to a. 
For a non-empty subset fl C As we define 

(15) /n: $ -> KU {00}, /n(a) := - inf (a;,a) = sup (x, -a). 

This gives rise to the following subgroups of G: 

Un ■■= subgroup generated by |J^^^^^^ Uaj,,(a), 

(16) Nn {n G Ng(S') : n • x = x for ah x G fl}, 
Pn NnUn = UnNn- 

The latter is a group because nUnn^^ = C/„n for all n G Ng(5'). For fl = {x} we 
abbreviate Uq = Ux, which should not be confused with the root subgroups Ua- 

Given a partition $ = $+ U $^ of ^{Q,S) in positive and negative roots, we 
let be the subgroup of G generated by 1Jqg*± ^a- We write 

U+ := Un n U+ and J/j^ := Un n [/~. 
Proposition 3.1 ([3] 6.4.9]). These subgroups have the following properties: 
(a) [/fj n [/q = Uaj^,(a) for all a G $. 



CHARACTERS AND GROWTH OF ADMISSIBLE REPRESENTATIONS 



9 



(b) The product map 

is an isomorphism of algebraic varieties, for any ordering of the factors. 

(c) Un = U+U^{UnnNGiS)). 

We define an equivalence relation ^ on G x ^5 by 

{g,x) ~ {h,y) '^=> there is n e Ng'(S') with nx — y and g^^hn e Ux- 
As announced, the Bruhat-Tits building of G is 

B{g,¥)^GxAs/^. 
The group G acts naturally on B{Q,¥) from the left, and the map 

is an NG(S')-equivariant embedding. An apartment of B{Q,¥) is a subset of the 
form g ■ As with g & G, and g ■ As = As ii and only if g G Ng(S'). Since all 
maximal split tori of G are conjugate by Theoreme 4.21], there is a bijection 
between apartments in B{Q,¥) and maximal split tori in G. 

A facet of B{Q,¥) is a subset of the form g ■ F, where g ^ G and is a facet 
of As- For a polysimplicial complex E, we denote the set of vertices by I]° and the 
set of n-dimensional polysimplices in E by E" for n e N. 

For any subset C B{Q,¥), we denote the pointwisc stabiliser of ft by Pq. This 
is consistent with when £7 C Ag. 

4. Fixed points in the building 

An element g of G is called compact if its image in G/Z(G) belongs to a compact 
subgroup of G/Z(G). According to the Bruhat-Tits Fixed Point Theorem (see [31 
§3.2]), the compact elements of G are precisely those that fix a point in the building 
B{Q, ¥). In this section, we study how the fixed point subset B{Q, ¥)'' depends on 7. 

Let iJ be a group of polysimplicial automorphisms of B{Q, ¥). li x,y ^ B{Q, ¥)^ , 
then H fixes the geodesic segment [x,y] pointwise by 3, 2.5.4]. Consequently, 
B{Q, ¥)^ is a convex subset of B{Q, ¥). Recall that a chamber complex is a polysim- 
plicial complex E such that: 

• all maximal polysimplices of E (the chambers) have the same dimension; 

• given any two chambers Gi and G2 of E, there exists a gallery of chambers 
connecting Gi and G2. 

If 5 G G is compact and belongs to a maximal split torus S of G, then there is a 
chamber in the corresponding apartment As that is fixed pointwise by g. There 
exist, however, regular semisimple elements 7 £ G that fix no chamber in the 
building pointwise. For such elements the fixed point subcomplex is not necessarily 
a chamber complex. But once g fixes a chamber, say, because it belongs to a 
maximal split torus, the fixed point subset is automatically a chamber complex: 

Lemma 4.1. Suppose that H fixes a chamber C C B{Q, F) pointwise. Then B{Q, ¥)^ 
is a chamber complex. 

Proof. This is well-known, but we include a proof anyway. Let x G B{Q,¥)^ 
and let A^ be an apartment that contains G and x. Since dimG — dimAx and 
B{Q,¥)^ is convex, it contains an open subset of some chamber Gx ^ Ax with 
X € Gx- Thus H fixes Gx pointwise and B{G,¥)^ is the union of all its closed 
chambers. 

Suppose that C is any collection of chambers of an apartment As of B{Q,¥). 
Then Ucec ^ convex if and only if all minimal galleries between elements of C 
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are contained in C. Hence B{Q, F)^ n As contains all minimal galleries between its 
chambers. □ 

4.1. The split case. Let 7 be a compact element of the maximal split torus S. 
Then w(x(7)) = for aU x G so that 7 fixes the apartment As pointwise. 

The subcomplex B{Q, F)'*' C B{Q, F) is convex and S'-invariant. Its core is formed by 
the apartment As and from there "hairs" extend in all directions. This terminology 
applies quite well to one-dimensional buildings, but in general such a hair is a (not 
necessarily bounded) chamber complex. Since S acts by translations on As, it 
shifts all these hairs. If 7 G S' is regular, then B{Q,¥)'^ /S is compact by [S] Section 
9.1]: the length of the hairs is finite. 

Now we study when an arbitrary point x G B{Q,¥) is fixed by 7 G 5. Choose 
a chamber Co C As and let p be the retraction of B{Q,¥) to As centred at Cq. 
Let be a system of positive roots in $ such that fp(x){(x) > fcoi'^) for 
a G equivalently, $+ contains all roots with /p(x)(<^) > fco{o)- Let A be the 
basis of $ corresponding to $+. 

Then Ucq n C/q C C/p(2,) n Ua for aU a G so [/^^ C U^^^y Furthermore, 
Nco = Npf^^y which together with Proposition 13 . 1 1 (c)] shows that Pcg C U^^Ppi^£,y 
Since Ppo transitively on the set of apartments containing Co by |3j 7.4.9], there 
is M G ?7p^ with X = up{x). Thus we want to know which part of the apartment uAs 
is fixed by 7. 

By definition, u G [/(t fixes all y & As satisfying —a{y) < fco{<^) fo^ all a G 
These points constitute a cone in As fl wAg, which is fixed by 7. We are interested 
in the larger subset (uAs)'^ , which is a convex subcomplex of B{G,V)''. Hence the 
complex Y := u~^{uAs)'^ is convex as well. Concretely, this means that Y C As 
is determined by a system of equations —a{y) < ra for certain G M, a G 
We need some notation to make this more explicit. The singular depth of 7 in the 
direction a G $ is 

sda(7) := v{a{j) ~ 1). 
Recall that the height of a positive root is defined as follows: 

• ht(a) = 1 if a G is simple; 

• ht(a + 13)^ ht(a) + ht(/3) if a, ^, a + /3 G 

By Proposition 13 . 1 j (b)] wc can write 

(17) U= Y\_ with Ua€UaJc^(a)- 

Proposition 4.2. Let S, 7, u, and the Ua be as above and let y G u^^{uAs)'^ ■ 

(a) The compact element 7 G S* fixes x = up{x) if and only if [7, u^^] G . 

(b) Ua G C^Q,-Q(j,)-sdc(7) (t^2Q ^Co) f^f 0,11 simple roots a G A. 

(c) Ua G Ua^-a(y)-ht(a)N for all a G fl where N — max sda(7). 

Proof, (a) Since 7 G S" fixes p(a;) G ^s, 

7(x) = '-fup{x) = "fu'y~^ p{x) . 

This point equals x = up{x) if and only if 7u~^7~^Mp(a:) = p{x), which is equivalent 
to [7,ii~-^] G Px- As u G and 7 normahses [/+, this is equivalent to [^,u~^] G 

nc/+ = c/+. 

(b) The decomposition (fT7|) is unique once we fix an ordering on (^^^'^^ but the 
terms Ua may depend on this ordering. Let $* :== \ A be the set of non-simple 
positive roots. Then Uq6**(^q ^ Ucq) generates a normal subgroup C/^o °f ^Co' 
The quotient J/^t /U^ is abelian and can be identified with a lattice in the F- vector 
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space Y[ai£A^a/U2a- The image of u in U^^JUq^ is IIqgA^"' which shows that 
the ingredients Ua{U2a H Ucq) of (fTT)) are independent of the ordering. 

Suppose now that 7 fixes uy € uAs- By part (a), we have [7,1*"^] G and 
since 7 normahses the groups Ua.r for a G r G M, this imphes 

(18) l[^i,K']^u+/u:. 

But on the vector space Ua/U2a the map an- [7,0] can be identified with muhiph- 
cation by a (7) — 1. Hence (TTSl) is equivalent to 

(19) Ua G (a(7) - l)~^{Ua.-aiy)/U2a,-2a{y)) 

for aU a G A, which imphes the statement (b). 

(c) We fix an ordering $+ n <i>''°'^ = {ai, 02, . . . , ckfc} and get a unique decompo- 
sition u = 11^=1 ™ ^Co' Similarly, Proposition 13 . 1 j (b)] yields a unique decom- 
position 

k 

(20) nt^'"""^]"' " [7,M"^] = 7Wa,^Wa,^_i ••■Uai^7"^MaiMa2 •••Uafe■ 
^=l 

So by construction [7,u~"'^]q G Uajcoia) and 7 fixes if and only if moreover 

(21) [7, G C/a,-a(y) for aU a G $+ H 

Assuming that this is the case, we will show by induction on ht(Q!) that 

(22) [l,U^^] G t/a _a(a) + (l-ht(a))Ar/C^2a,2(-a(y) + (l-ht(a))JV) for all a G $+ H <^'''"^ . 

For roots a of height 1 this is For other roots a a closer look at (EUl) shows 

that [7,m~^]q. is a product of terms of the form 

(23) ["|\ • • • [u±\ 7], • • • , 

where all the /3„ G arc different and Pi + ■ ■ ■ + Pj = a. One of these terms is 
[7,M~^]. The condition (|2T]) shows that 

?;q([7, u^^]) = sdQ(7) + WQ(ua) 

is at least the minimum of ~a{y) and the Wa-values of the other terms (j23p that 
occur in [7, u~^]c(. By the induction hypothesis and (jl3p . these other terms have 
valuation at least 

k 

(24) sdft (7) + i-My) - sd/3„ (7) + (1 - ht(/3„))iV) 

n=l 

= -a{y) + (1 - ht(a)) + 51 ^ " ^^'3„ (7) > ~a{y) + (1 - ht(a))iV, 

which completes our induction step. Now consider a nonreduced root a — 2(3 with 
ht(/3) minimal. The same calculation shows that all terms (|23l) with f3i + ■ ■ ■ + I3j = 
2/3 have valuation W2/3 at least fci'^P) + (1 — ht(2/3))iV. This yields a more precise 
version of (P^ : 

(25) [77 W^"^] S C/^ -a(y) + (l-ht(/3))AfC^2/3,-2^J(y) + (l-2ht(/3))Af- 

Then another, similar, induction argument shows that (|25p is also valid when ht(/3) 
is not minimal. Finally, (j25p implies that 

U/j G t/"/3 -a(y) + (l-ht(^J))A'-sd^(7)t^2^i -2/3(y) + (l-2ht(/3))Ar-sd23(7) 

^ f//3,/c(a)-ht(/3)7V- □ 



12 



RALF MEYER AND MAARTEN SOLLEVELD 



We remark that, given an arbitrary point y € As, the condition of Proposition 
I4.2l fc) on the Ua is in general insufficient to ensure that 7 fixes uy. Counterexamples 
can be found whenever <I> contains an irreducible root system of rank greater than 
one. 

Moreover, Proposition l4.2l onlv says something about the fixed points of semisim- 
ple elements that lie in a maximal split torus. (We will not consider the fixed points 
of non-semisimple elements of G in this article.) Other F-split tori can be dealt with 
in the same way, since they are subconjugate to S. For elements of non-split maxi- 
mal tori we need yet another aspect of Bruhat-Tits theory. 

4.2. The non-split case. The construction of the Bruhat-Tits building over p-adic 
fields is functorial with respect to finite field extensions by [7, 9.1.17]. For any such 
extension F/F, the group 

F {cr e Aut(F) : ctIf = idp} 

acts naturally on B{Q,V), and B{Q,¥) is contained in B{Q,¥Y . In particular, for 
every g G 5(F) we have an inclusion 

(26) B{g, ¥f = B{g, n Big, f) c B{g, f)^^ , 

where (g) C g{¥) denotes the subgroup generated by g. 

In general, B{g,¥) is strictly smaller than B{g,¥)^, even if F/F is a Galois 
extension (in which case F is its Galois group). Rousseau [17] proved that B{g, F) = 
B{g,¥)^ if F/F is a tamely ramified Galois extension, see also [16]. Consequently, 
((26l) is an equality for such extensions. 

Let T = T{¥) be a maximal torus and F/F a finite Galois extension over which T 
splits, as in Proposition Since T is defined over F, it is F-stable, and hence the 
corresponding apartment ^^-(f) of B{g,¥) is F-stable. The action of F on A^^f-^ is 

linear, so that the origin of A^-f^f^ is fixed. Thus Rousseau's above result implies 
that 

(27) B{g, F) n ^0 if F/F is tamely ramified. 

Any g E G acts on LicF(5) / LieF(-Eg((7)) by the adjoint representation. The 
collection E{g) of eigenvalues (in some algebraic closure of F) is finite and does not 
contain 1. Assume that G is not a torus and that g is regular, that is, Zg{g) has 
the smallest possible dimension. The number 

sdig) '■— max ^(A — 1) 

is well-defined because every eigenvalue lies in a finite field extension of F. For 
irregular g Cz G wc put sd(g) = 00, because in that case the multiplicity of the 
eigenvalue 1 of Ad{g) G EndF(LieF(CJ)) is too high. Finally, if G is a torus, then 
we define sd{g) = for all g € G. This definition stems from Section 4], where 
sd{g) is called the singular depth of 7. We note that 

(28) sd{gz) = sd(5) = sd{hgh~^^) for z e Z(G) and heG. 

Let T and F be as above and let $ = <i>(tJ(F), T(F)) be the corresponding root 
system. Let v be the discrete valuation that extends v and suppose 7 G T. Then 

sd(7) — maxsdQ(7). 

Notice that sd(7) > 0, for if sdQ,(7) < then -0(0(7)) < , so 0(0(7)"^) > and 
sd_a(7) = 0. Notice also that the number N occurring in Proposition 14.21 satisfies 
N < sd(7), but equality need not hold, for N takes fewer roots into account than 
sd(7). 
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Now we specialise to a compact regular semisimple element 7 G T. Then B{Q, ¥)'' 
is non-empty by the Bruhat-Tits Fixed Point Theorem. If T/Zc{G) is anisotropic, 
then B{Q, ¥)'' is a finite polysimplicial complex (sec [18, p. 53]) and there is an open 
neighbourhood [/ of 7 in G such that B{g,¥f = B{g,¥y. 

If T/Zc{G) is not anisotropic, we have a weaker substitute. Since B{Q,¥y' /T 
is compact, there exists an open neighborhood y of 7 in T such that B{g,¥)3 = 
B{g,¥)'i for all g G V. Let Hr be as in (HH), but with respect to (^^(F), r(F)) . 
First the authors believed that one could take V = jHr H T for any r > sd(7), but 
this turns out to be incorrect in general. We thank the referee for pointing out the 
weakness in our former argument. 

Lemma 4.3. Write ht(<I>) := maxQ,g$+ ht(Q;) and let r > ht($)sd(7). Then 
B{g, ¥)'''' = B{g, F)T for all heHrDT. 

Proof. In view of (|26p it suffices to prove the corresponding statement for fixed 
points in the building B{g,¥). We use the notation from the proof of Proposition 
14.21 but with some additional tildes. We want to know when 7 fixes uy, for some 
point y G As- According to (l?T|) . this is equivalent to 

(29) ['y,u^^]a <^ Ua.-a{y) for aU Q; G 4>, 

and [7,u~^]ct is a product of terms of the form (j23p . 

Recall from Section lSTD that we have a Chevalley basis of Lie^{g) and correspond- 
ing isomorphisms of algebraic groups Ua=¥. Under these isomorphisms [j,u^^]a 
becomes a sum of terms of the form 

(30) ±(/3,(7)-l)A^,A^,..-A^^. 

with e F ^ Ufj. One of the terms that constitute ['y,u~^]a is [7,^^-^] ^ (1 — 
ck(7))AQ. It is the leading term, in the sense that A^ does not occur in the equations 
for Ui3 with ht(/3) < ht(a), whereas the factors A^g of the other terms do. Supposing 
that Up has already been fixed for all such roots /3, determines which Ua S Ua 
can give rise to fixed points uy. 

The isomorphism Ua =¥ restricts to 

Ua.r = {A G F : u(A) > r} for all r G R. 

By (I24p the valuation of any term ([50)1 is at least 

(31) -a(y) + (l-ht(a))sd(7). 

On the other hand, because we are interested in uy, the component Ua is determined 
only modulo Ua.-a{y), that is, A^ modulo {A G F : ^(A) > —a{y)} is all that 
matters. 

Now we can compare 7 with 7/1. We note that 

(32) - a(7)) - (1 - a{-fh))) = i{a{j){aih) - 1)) 

= v{a{h) - 1) = sda{h) >r> ht($)sd(7). 

The set of us satisfying obviously differs for 7 and jh, but by ([50]) . (PT|) and ([5^ 
the changes only takes place in the fractional ideal of F where the valuation is at 
least 

-aiy) + (1 - ht(Q;))sd(7) + ht($)sd(7) > -a{y) + sd(7). 

So, if the A^ with ht(/3) < ht(a) have already been fixed, then the leading terms 
(1 — a(7))AQ. and (1 — a{'-f)a{h))Xa both lead to certain sets of solutions for A^, and 
these sets differ only in the parts of valuation at least 

-a{y) + sd(7) - sda(7) > -a{y). 
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But these parts do not influence the point uy. Hence 7/1 fixes such a point uy if 
and only if 7 does. Since this holds for all y & As we conclude that 

Big, ¥)''''' ^ B{g,¥)''. □ 



5. The groups U^' 

Schneider and Stuhler introduced an important system of compact subgroups 
of G, which they used to derive several interesting results on complex smooth 
G-representations in [15]. These subgroups were also studied by Moy and Prasad 
in [T21II3] for their theory of unrefined minimal types, and by Vigneras in [33] in 
the context of G-representations on vector spaces over general fields. 

Let R be the set M U {r+ : r € M} U {00} endowed with the ordering 



r < r+ < s < s+ < 00 if r < s. 



We define addition and multiplication with positive numbers on M in the obvious 
way, so that they respect the ordering. For example 

r + = (r + s)+ and 2 ■ r+ = (2r)+. 

Starting with the filtrations (|TUll and (fT^ we define for a e $ and r e R: 

(33) f; 

Hr+ yj Hs, Hoc '— {1}. 



Since the filtrations are discrete, we have Ua,r+ — Ua.r+c for sufficiently small e > 0, 
and similarly for Hr+. 

For a function / : $ U {0} — > R, let U f be the subgroup of G generated by 
Uce* Uaj(a) U ff/(o)- For non-empty C As we vary on ([15]) by 



(34) /^:$u{0}-^ 
For e G M>o, we define 



a I— > 



(51, — q:)+ if a is constant on il, 

sup^gf2 (2^1 ^"^) otherwise. 



Notice that the closure of yields = /j*^ and hence u!^^ — U^^ . 

Example 5.1. Let G = GL„(F). We identify the standard apartment As of ;B(GL„, F) 
with M" / M(l,l,...,l), such that the set of vertices is the image of Z". Denote the 
smallest integer larger than r+ e M by [r-|-] . Recall the fractional ideals *P™ in F 
for m £ Z. For a point x ~ (xi, . . . , Xn) G As and e G M>o we have 

/ l+'pT'^+l i^\x2-xi+e+] <y^\xn-xi+e+] \ 

rpTKi -a:2+e+] 

£4^=) = i ""i + qpre+i 

; rpT^^n-aJn-l+e+l 

^ f^lxi-Xn+e+l fpr^n-i-a^„+e+] l+CpTe+l y 
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If e G Z>o and Q C As is the standard chamber, defined by xi > 0:2 > • • • > x„ > 
xi — 1, then 



/ l+<pe+i 
rpe+l 



e+1 



e+1 . 



■■■<pe 
.spe+l l+<pe+l 



Notice that Uq'^ is contained in the standard Iwahori subgroup of GL„(F), and 
that they are not equal because the diagonal entries differ. 

The groups U^"' satisfy the following unique decomposition property. 

Proposition 5.2 ( 3, 6.4.48]). For any ordering 0/$''°'^ the product map 



(e) 



(e) 



is a diffeomorphism. Moreover O l^ciS) = -ffe+ md for a G $ 



^ I C^a,/*(a)+e if 2a <^> , 

1 C^Q,/*(Q)+e • f^2a,/*(2Q)+e «/ 2a G $. 



By a diffeomorphism between p-adic algebraic varieties we mean a homeomor- 
phism /, such that / and are given locally by convergent power series. The 
above product map is obviously algebraic, but its inverse need not be. 

There is a version of the unique decomposition property with U {0} instead 
of It follows easily from Proposition [5?2l since He+ normalises Ua.r- 

(e) 

The above decomposition implies that the subgroups Uq behave well with re- 
spect to field extensions and Levi subgroups. 

Lemma 5.3. Let F/F be a finite field extension and let C Q{¥) be defined like 



Then [/<^) = ^<^) 



r\g{¥). 



Proof. Let S and ps be as on page [7] and let 3 As be the corresponding apart- 
ment of B{Q,¥). Then f^{a) = f^{ps{a)) for all a G Now apply Proposition l5.2l 
and Equations and □ 

Let AIu — Al£)(F) be a standard Levi subgroup of G. Then a maximal split 
torus S* of G is a maximal split torus of Md as well, and the standard apartment 
of i3(7UD,F) is 

Ad ■■= (X^S) I X.,{Z,{Md))) ®zM = {X,{S) / X,{Sd)) «>zM. 
Since S/^ C Sd, there is a quotient map between the apartments 
(35) As ^ Aso, x^xD, 

in the buildings for G and Md- 

Lemma 5.4. Let VLd be the image of in the standard apartment Ad of the 
building for Md . Then U^l = U^^ fl Md and 



u^n^ - n R^iPD)) (c/^^ n Md) (f/^^ n R^iPD)) . 



r(e) 



r(e) 
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Proof. For ft C ^5 and a G $£i we clearly have /q (a) ~ ffiioi). As the groups 
Ua.r and Hr are the same m Mo and m G, the statement follows from Proposi- 
tion [Ol □ 



We are mainly interested in the cases where $7 is a point, a facet or a polysimplex. 

Theorem 5.5. For a point x, a polysimplex a, and a general subset Q of an apart- 
ment As, the following hold: 



(a) U, 



(b) C/^ 

(c) c//r 

(d) U^' 

(e) Ui' 



is open if fl is bounded, 
is compact, 
is normal in Pji- 
fixes the star of x pointwise. 

= vertex of a Ui"'' if C E Z>o . 

(f) If x is an interior point of a and e G Z>o, then C/i'^'' = U^'^\ 

(g) Uq^ 3 whenever e < e' . 

(h) The groups U^'^'^ for e G N form a neighbourhood basis of 1 in G. 

(i) The group generated by the commutators \U^\ is contained in Uq^"^ 

{1} if and only if r — cxo, (a) follows from Proposition 15.21 State- 



Since Ua.r 
ments (c) 
proofs of 



and (d) show that the order of the product in (e) does not matter. The 



(b) (e) and (g) (h) may be found in Section 1.2]. Property |(f)| is 



[531 Proposition 1.1], whereas (i) follows from [31 6.4.41]. Notice that so far these 
properties hold only for subsets of the standard apartment As. However , |(c) j allows 
us to define 

(36) U^^^:^gUl%g-' 

holds in the 



for any non-empty subset ft of an apartment gAs. Now Theorem [ 
entire building B{G,^). 

We need one more important property. We define the hull T-L{a, r) of two polysim- 
plices a and r as the intersection of all apartments containing a U t. This finite 
polysimplicial complex is a combinatorial approximation to the closed convex hull of 
crUr. Similarly, we can define the hull T-Llx, z) of two arbitrary points x, z G B{Q, F). 
The proof of [531 Lemma 1.28] yields 

(a) If a;,z G B{g,¥) and y G n{x,z), then U^"^ C ui^'^ui^l 

The fixed points of the groups Ua^k in the standard apartment are described by 
[31 7.44]: 



(37) 



{x € As : {x, a) > —fc}, 
— {x e As : {x, a) > —k - n~^}. 



for all a G $ and fc G Fq . Let [rj r„ for r G M denote the largest element of F^ that 
is strictly smaller than r. For x G As, ([37)1 . Proposition 15.21 and Theorem I5.5|(c)| 
yield 



(38) 



A 



ui'-> 



{y ^ As : {y,a) > [a{x) 



ejr„ for all a G <i>}. 



5.1. The level of representations. The system of subgroups {U^^)x^B(^g^¥Y for 
fixed e G Z>o is a "consistent equivariant system of subgroups" in the terminology 



of [m §2.2] because of properties (b) (e)j and (a) in Theorem 15.51 and (135)) . The 
main result of [TT], which was inspired by [HI Section 7.1], uses these subgroups 
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to construct resolutions of G-representations and suitable subsets thereof. We now 
describe this in greater detail. 

Let TT be a representation of G on a Z[l /p]-module V, where p is the characteristic 
of the residue field of F. For any polysimplicial subcomplex E C B{G,^) we define 

G„(S;1/) := ®zZM. 

If T is a face of a, then ui"'^ C ui"^ by Theorem l5.5|(e)| above, so that F^-"' D V^^"^ . 
Fix any orientation of B{Q, F) and declare a endowed with the opposite orientation 
to be equal to —a G Zjcr}. We define a boundary map 

(39) dn-. Cn{^;V) ^ Cn-i{^;V), v<»a^v^d{a). 

Here d{a) is the usual boundary of a, a weighted sum of codimension-one faces of a. 
This yields a chain complex (G* (E; T^), 9*) , that is, — 0. We augment it by 

(40) do: Cq{T.;V) ^V, v^x^v. 
If .g G G and g • E C E, then g acts on G* (E; V) by 

g ■ (v 1^ a) = ■7r{g)v (E) g ■ a, 
where g ■ a is endowed with the orientation coming from cr. 

Theorem 5.6 ([11] Theorem 2.4]). Let Yj he a convex subcomplex of B{Q,¥), let 
e G Z>o, and letir: G — >■ Aut(y) he a representation as ahove. Then (G*(E; V), i9*) 
is exact in all positive degrees, and the augmentation map do induces a hijection 

Ho(E;l/)- 

Definition 5.7. A (smooth) G-representation V has level e G Z>o if 

This level is similar to the depth of a representation defined by Vigneras in 
[m II. 5. 7], generalising H^. More precisely, if V is irreducible and e is the smallest 
integer such that V has level e, then the depth of V lies in (e — 1, e]. The category 
of G-representations of level e is studied in [TTl Section 3]. If is a complex 
G-representation of level e and E = B{G,^), then Theorem 15.61 recovers a result 
of Schneider and Stuhler [TSl II. 3.1]. As we will see later. Theorem 15.61 for finite 
subcomplexes has independent significance. 

Let P be a parabolic subgroup of G with unipotent radical Ru {P) ■ We let 

y(R„(P)) span{^(.g)i- - i; : .g G Ru(P)}, Fr^cp) := V / l^(Ru(P)). 

The representation (7rf{„(p), Vr^_(p)) of P or P/Ru(P) is called the (unnormalised) 
parabolic restriction of V. 

Let (p, W) be a smooth representation of P/Ru(P). Inflate it to a representation 
of P and construct the smoothly induced G-representation Indp(Vl^). This is known 
as the (unnormalised) parabolic induction of W. 

Proposition 5.8. Let P C G he a parabolic subgroup. 

(a) // V is a G-representation of level e, then T^r„(p) is a representation of 
P/RuiP) of level e. 

(b) If W is a representation o/P/Ru(P) of level e, then Indp(Vl^) has level e. 
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Proof. We first establish (a). We may assume that P = Pd is a standard parabolic 
subgroup. Then J7+ C Pp. gl Proposition 7.3.1] yields G = Po^aiSpc for any 
chamber C C As- Since C is a fundamental domain for the action of G on B{Q, F), 

B{g,¥y = G-C° = PDNGiS)UcC° = PDNGiS)C° = PdA°s. 
The definition of the level and Lemma 15.41 yield 



This implies that Vj^^(Pj^) has level e as well: 

^H„(p.)=E J2 p-ySo)= E 

Now we establish (b). For notational convenience, we assume that P = Pd 
is standard parabolic, so that we may identify P/Ru(P) with Md = A^£)(F). A 
representation of Md has level e if and only if it is a quotient of a direct sum of 
copies of the regular representation on {M £> / ui']^) for points in the build- 
ing of Mo; here denotes the space of locally constant functions with com- 
pact support. Since Jacquet induction preserves direct sums and quotients, it suf- 
fices to prove that the Jacquet induction of C^(A/D/[/i'o^) has level e. Inspection 
shows that this Jacquet induction is isomorphic to the regular representation on 
CT{G/R^{PD)uii). 

The subgroup Ru(^i5)^^iD of G is an inductive limit of compact subgroups be- 
cause J/i'o^ is compact and Ru(Pd) is unipotent. It is useful to choose a special 
sequence of compact subgroups exhausting Ru(Pd), namely, 

^n:=7"(C/SnRu(Pi,))7-", 
where 7 is a central element of Md that is strictly positive, that is, IJ Kn — Ru(^'d)- 
We also consider the subgroups Kn ■= 7"(?7iD nRu(-PD))7~"' in the opposite unipo- 
tent group; then (^K„ = {!}• 

The space {G /RuiPoWx'i^) is the coinvariant space for the right action of 
RniPoW^o on C^iG). This coinvariant space for an increasing union of compact 
subgroups is the inductive limit 

Cr(G/R,(Pz5)[/i^J) - lir^Cr (G/i^nf/i:,^) = \}^CT{G / 7"(C/i^^ n Pi5)7-"). 
Here cc is a pre- image oi xd in the building for G for the map in (j35p . Thus 

U^"^ n Md = U^n and 

c/i^) = n r^{Pd)) ■ (f/i-^^ n Md) ■ n r^{Pd)). 

Any smooth compactly supported function on G/7"(t7i'^' fl Pd)i~"' is invariant 
under right translation by Km for sufficiently large m because f]Km = 1. Hence 
we may rewrite 

Cr(G/Ru(Pz3);7i^J) - In^CrlG / K™7"(t/i^^ n Pi3)7^") 

^ limC,°°(G / i?„7"(C^i'^ n Pd)7"") = limC,°°(G / 7"[/i'=)7-") . 

71 n 

Since the regular representations on {G / -f'^U^^ -f-''') C^iG/ui"^) have level e, 
so has their inductive limit. Hence (G /KuiPD)Ux''D) has level e as asserted. □ 
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6. Characters of admissible representations 

We define the character of an admissible representation first as a distribution 
and then describe how to interpret it as a locally constant function on suitable 
open subsets. Our discussion is purely algebraic and also works for representations 
over arbitrary fields whose characteristic is different from the characteristic p of the 
residue field of F. 

There is a Haar measure ^ on G such that ^J,{K) G for all compact 

open subgroups if C G by [TTl Lemma 1.1]. Let H{G,Z[l/p]) be the Z[l/p]- 
module of locally constant functions G — > with compact support. Define the 

convolution product of /i,/2 £ ■H(G,Z[l/p]) by 

(/i*/2)W= / hig)f2i9-'h)dfiig). 
Jg 

We call H(G,Z[l/p]) endowed with this multiplication the Hecke algebra. It is an 
associative idempotented, non-unital Z[l/p] -algebra. Every element of G naturally 
defines a multiplier of ^(G, Z[l/p]), but is not contained in H{G,Z[l/p]). Given a 
pro-p compact open subgroup K C G, we let 

{K) = fi{K)-HK €H{G,ni/p]) 

be the corresponding idempotent. 

A smooth representation tt of G on a Z[l/p]-module V becomes a 7^(G, Z[l/p])- 
module in a natural way, and we have {K)V — , the module of if-invariant 
vectors in V. We call an ■H(G, Z[l/p])-module W smooth ii W — lir^ {K)W, where 
the limit runs over all pro-p compact open subgroups K of G. There is a natural 
equivalence between the following categories: 

• smooth representations of G on Z[l/p]-modules, 

• smooth H(G, Z[l/p])-modules 

(see [m Proposition 1.3]). We say that a representation G on a K- vector space V 
has good characteristic if the characteristic of the field IK does not equal p. 

In good characteristic, we may define the algebra H(G, K), whose smooth mod- 
ules are in bijection with smooth representations of G on K-vector spaces. Such a 
representation (tt, V) is called admissible if has finite dimension for all compact 
open subgroups K C_ G. An admissible representation in good characteristic gives 
rise to a distribution 

0^:niG,K)^K, /K^tr(^(/),y). 

If IK = C, then Harish-Chandra's Theorem 11.11 shows that this distribution is 
associated to a locally integrable function, that is, 0Tr(/) = / f{g) • i^nig) dfj,{g) 
for all / £ 'H(G,C) and a locally integrable function tr^. Furthermore, tr^ is 
locally constant on the subset of regular semisimple elements. Since this subset 
has full measure, the distribution is determined by the values of trTr on regular 
semisimple elements. If V has infinite dimension, then tr^r is not locally constant 
near a unipotent element u because the closure of the conjugacy class of u contains 1 
and tr7r(l) = dimF = oo. 

Since integration requires analysis, the notion of a locally integrable function is 
unclear for a general field IK. The following definition of a character function makes 
sense for any field K: 

Definition 6.1. Let (tt, V) be an admissible K-linear representation of G and let 
g € G. We write trTr{g) = r G IK if there is a compact open subgroup K such that 
tr(7r(/), = T ■ f{g) d^i{g) for aU / G n{G, Z[l/p]) that are supported in KgK. 
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By definition, the domain of definition domtr^ of tiv is open in G, and tr^r is 
locally constant on domtr^. Moreover, the trace property of 0^ forces the func- 
tion tr^ to be a class function, that is, domtr^ is invariant under conjugation and 
tTTr{gxg~^) = tr^{a:) for all g S G and x G domtrTr. 

In the following sections, we will show that domtrTr contains all regular semisim- 
ple elements, and given such an element g, we will describe a subgroup K for 
which tr^ is locally constant on KgK. We begin with some preparatory results. 
First we describe the trace distribution as a limit of locally constant functions and 
relate the latter to the trace function. 

Let K he & compact open pro-p subgroup of G (these exist by TT, Lemma 1.1]). 
Since the space of JiT-invariants in V is finite-dimensional, the linear operator 
Ti{{K)g{K)) has finite rank for all g G G. Hence 

XK{g) tY{7T{{K)g{K)),V) = ^i{K)-' tT{7T{lKg),V) = fi{K)-' tr(7r(l,K), T/) 

defines a ii'-biinvariant function on G; here we used that TT{g{K)), TT{{K)g{K)), 
and Tr({K)g) have the same trace. By construction, 

(41) tr(7r(/),T/)= / /(ff)XK(3) d^ff) 

JG 

for all X-biinvariant compactly supported functions / on G. Let {Kn)neN be a 
decreasing sequence of compact open pro-p subgroups with P| Kn = {!}. Then any 
locally constant, compactly supported function is /^n-biinvariant for some n G N, 
so that (HIT) holds for K = Kn for all sufficiently large n. In this sense, the trace 
distribution is the limit of the locally constant functions xk in a distributional 
sense. The following lemma is trivial: 

Lemma 6.2. The trace function exists at ^ G G and has value r if and only if 
there is hq G N with Xk„ (g) = t for all g e Kn„^Kng and all n > uq. Furthermore, 
then tr^ is defined and constant on Kni^"fKn„. 

Let 7 G G be a regular semisimple element. Then 7 is contained in some maximal 
torus T. Let T''^^ C T be the subset of regular elements. It is well-known that the 
map 

(42) ^-.G/TxT'^' ^G, {gT,t)^gtg-\ 

is open. We are going to quantify this statement by providing compact open sub- 
groups if. Kg C G, and Kt Q T such that iP{KgT x Ktj) contains KjK for a 
given regular element 7 of T. We first consider the split case. 

Lemma 6.3. Suppose that T contains the maximal split torus S of G. Then the 
map 

U+ ^U+:u^ [u, 7] 

is a diffeomorphism. 

Proof. For a,(3,a + (3 G $ U {0}, we have [Ua, Up] C Ua+p, where we interpret Uq 
as Zg(T). Let t/*^"-' be the group generated by the Ua with a G of height at 
least n. Then 

U+ = [/(I) 3 3 • ■ • D C/(ht(*)) D {1} 
is a filtration of [/+ by normal subgroups. Moreover, as algebraic groups 

where <I>("^ denotes the set of roots of height n. The group Ua/U2a carries a 
canonical F-vector space structure, so we can speak of Xua for A G F and Ua G 

Ua/U2a- 
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Given v G ?7+, we recursively construct u„ G such that 

Then u Uht(*) • ■ • W2 ■ "i belongs to and satisfies [u,"f] = v. The construction 
will show that the m„ and hence u depend algebraically on v and that the class 
of Un in [/(")/[/("+!) is unique. It follows that the map u n> [u,^] is bijective and 
that the inverse map is algebraic. 

Let Wn '■— [un ■ ■ ■ U2 ■ 1*1,7] define wq 1. These elements satisfy the 
recursive relation 

Wn = UnUn-1 ■ ■ ■ Ui7(-U„_i • • • Mi)~^7"^7U,;;^7"^ 

If w„ G then [m„,7] G and G because C 

;7("+i). Since f/(")/[/("+i) is commutative, we have w„ G w„_i[u„,7]C/("+i). 
Hence u„ must solve the equation [u„,7] G w~}_ivU'^'^~^^\ As 

[Mq,7] = (l - a{-f))ua for G Ua/U2a, 

the map [?,7]: [/(")/[/("+!) ^ [/(")/[/(«+!) is invertible. Since w^^i^v G [/("^ by 
induction assumption, there is a unique coset u„[/^"+^) with ?i'„_i[M„,7] 
^j7("+i)^ and it depends algebraically on w~\v. We may pick a representative in 
this coset by an algebraic map. If we do this in each step, then the final result u 
depends algebraically on v and satisfies [u, 7] = v. In each step, there is a unique 
way of lifting a solution of the equation [u, ^] — v from 

in the first step, there is a unique solution in U^/U^^\ Hence there is a unique 
u G with [u,7] — V. □ 

Proposition 6.4. Suppose that the maximal torus T containing 7 is split, so that G 
is split. Let As be the apartment corresponding to S ~ T , let x G As, and let r G 
R>s(j('y)- Then the map ip in (I42p restricts to an injective map from (L/i''^/iJo+) x 

(r) 

Hr+^ onto a neighbourhood of j that contains Ux 7- 

Proof. First we prove injectivity on the indicated domain. Assume ip{giT,ti) = 
ip{g2T,t2). Then 5^ gitiQi 52 = ^2 S T. Since ti is regular, this implies gi G 
Ng(T). But NG(r) n = Zg(T) = r, so that giT ^ g2T and therefore ii = i2- 
Since splits, the definition ^ yields Hr+ C T. As ^{u,hj) = [u,h^]hj, 
Lemma [^751 shows that ip{G/T x Hr+j) contains U^Hj.+^ for any positive system 
C $. We may decompose any element of Ux j as y = y+ ■ y- ■ yo with 
y± G [/ n Ux and ?/o G Hr+j. There are u+ G C/+ and u_ G U- such that 

y+yo = u+you^^ and y^yo = u^youZ^ ■ 

Now sd(yo) = sd(7) > and [u+,t/o] = y+ e U^""^ force m+ G [/i''""'^''^^^ C ui°\ For 
the same reason, u_ G C/i*^ '''^(t)) \ good approximation for 4'~^iy) is (u-U+jj/o): 

(43) ip{u^u+,yo) = u^u+you^^uZ^ = u^y+y^uZ^ 

^u^y+uZ'^y-yo = [u^,y+]y+y^yo = [u^,y+]y. 

Theorem I5.5f(i)] yields 

[U^,y+] G [C/i'-^'^(T»,f/i'-)] C {/^2r-sd(7))^ 

but we can be more precise. Let r > r the smallest number with Ux 7^ J7i . 
Choose e G (0, r' — r) such that C/i'^-' = C/i°'' (this is possible because the filtrations 



22 



RALF MEYER AND MAARTEN SOLLEVELD 



pH]) and ((ni) are discrete). Now Theorem [53|(i)] yields 

In other words, yo) = 2/ in Px/Ux 

Next we try to find a solution of the form tlj{u^u+g,tyo) = y. By P5|) this is 
equivalent to 

tp{9,tyo) =ul^uZ^yu^u+ = (iLu+)"^[?/+,u_](u_u+)yo- 

Since U-U+ £ U^^ C NG(J7i'^''), the right hand side lies in Ux^ ^yo. Thus we 
transformed the original problem 

to the problem 

Since Hr+j = Hr+yo, r' > r and 

repetition of this process yields a solution ?/;~^(y). □ 

Now we consider a regular element 7 of a non-split maximal torus T = T(F). 
Furthermore, we want to generalise the statement by allowing the choice of an 
arbitrary x e As- Let F be a splitting field of T, let G = g{¥), and let f := r(F). 
This is a split maximal torus in G, which therefore corresponds to an apartment Af 
in the building B{Q,¥). Recall the subgroups Hr C Z^^-j.^ (T(F)) . 

For X G B{g, ¥), let 7Tt{x) be the point of Af that is nearest to x. Let ^E" be the 
root system corresponding to an apartment of B{g,¥) that contains x and nxix). 
We define 

(44) drix) := max |/3(7rT(x)) -/3(a;)|. 

If F/F is tamely ramified, then ((27)) shows that fl B{Q, F) is non-empty, that is, 
there is x with dxix) = 0. 

Alternatively, let C C A^, be a chamber containing tttCx), let p^. q- B{Q,¥) — )> 

be the associated retraction. Then 

drix) = max \a{TrT{x)) ~ a{p^~ cC^^))!- 

Proposition 14.21 fc) yields 

(45) drix) < ht($)sd(7) for all x e B{g,¥)^. 
Lemma [Ol and ([Ml) yield 

(46) U^r+drix)) ^ (jir+drix)) p g^jp) ^ [^M^^^ p jj^^ 

Lemma 6.5. Let "/ E T be regular and let r e ]R>sd(^-). Let x G B{g,¥) and 
abbreviate = U^^^^^^ C\G. Then C/i''^''^^^^^7 is contained in ip(Kx x (_ffr+7nT)) . 

Proof. Equation (|46|) and Proposition 16.41 show that every element of {7^'^~'''^^'-^^^7 
is conjugate in ^(F) to an element of Hr+1 H T(F). Since the maps 

^: (e?(F)/r(F)) X r(F) ^ g(F) and V: (0(F)/r(F)) x r(F) ^ ^(F) 

are injective and open, respectively on U^^^^^/ Hq-^- x (^Hr+"f H T(F)) and on the 
intersection of this set with G, 

4>{K, X {Hr+j n T)) = ^(t/f ) ) x (i/,+7 n r(F))) n G. 
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Moreover, by Proposition 16.41 the right hand side contains 

(47) ?7^;^(^)7nGDC/i'^+'^^(^»7nG = C/i'-+''^(^»7. □ 

There is a decreasing sequence {Kn)neN of normal compact open subgroups 
in Kx with f^Kn — {!}• Since is open in G, we may use this sequence to 
approximate the trace distribution as in (1411) . Since Kn is normal in K^, then the 
space of _ftr„-biinvariant functions is invariant under conjugation by elements of K^- 
This implies that the function xk„ is invariant under conjugation by elements of K^- 
Therefore, Lemma [^3] shows that xk„ is constant on Ux^'^'^'^^-^^^j once it is constant 
on Hr+1 n T . In the following, we may therefore restrict attention to elements of 
a torus in G. 

7. The local constancy of characters 

Let (tt, V) be an admissible representation of G in good characteristic, of level 
e G Z>o. Let 7 be a regular semisimple element of a maximal torus T C G and 
let X e B{Q,¥)° be a vertex in the building of G. We are going to find r{-^) G N 
depending only on 7 and the level e of the representation, such that tr^r is defined 
and constant on [/^''(T)+'iT(x)) ^^^j^ ^^^^^^ as in 

7.1. Local constancy for compact elements. First we assume, in addition, 
that 7 is a compact element, so that 7 fixes some point in the afEne building. The 
assertions for general elements are reduced to the compact case in Section 17.21 

Our definition of r(7) is somewhat complicated and probably not optimal. It 
is likely that r(7) = max{sd(7),e} works, but we can only prove this if T has a 
subtorus S that is a maximal F-split torus of G. 

Let T = 7~(F) C G be a maximal torus containing 7 and let F be a splitting field 
of r. Recall the subgroups U+ C ^(F) and Hr C Zg^f^{T{¥)). Let B be a Borel 
subgroup of QiV) containing T(F). 

Definition 7.1. For x e B{g,¥) define drix) as in ^ and let ^(7) e M be the 
smallest number such that 

(48) B{g, Wy CB- {x e Big, W) ■. drix) < d(7)}. 
We have ^(7) < 00 because B{g,Wy /T is compact. 

Theorem 7.2. Define r{-f) := max{ht($)sd(7), e + ^(7)}. 

(a) The function tr^ is defined and constant on ^H^(^^-^^ n T , and on all G- 
conjugacy classes intersecting this set. 

(b) The function tr^r is constant on any x G B{g,¥). 

(c) // T has a subtorus S that is a maximal ¥-split torus of G, then ^(7) — 
and we may omit the factor ht($) in the definition of rij), that is, tr^r is 
constant on 7^max{sd(7),e}+ n T. 

If F/F is tamely ramified, then (P7| shows that there is a point x G B{g,¥) with 
drix) = 0, so that tr^r is constant on Ux^'''^''^^. 

The number r{j) will reappear frequently in the following. We will not need the 
definition of r(7) but only Theorem l7.2l fa). That is, the following results remain 
true for a smaller value of r{'y) provided Theorem [721 (a) can be established for it. 

Proof, (a) Theorem 15.61 implies a formula for tr(7r(/), 1/), which is worked out in 
[TTl Proposition 4.1]. We need some notation to state this trace formula. For g G G, 
let be the set of all polysimplices cr with ga = a and let ea{g) — ±1, depending 
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on "whether the automorphism of a induced by g preserves or reverses orientation. 
For a locally constant function / supported in P^, [H] Proposition 4.1] asserts 



(49) tr(7r(/),y) =lim / f{g) ^ (-l)'i'--e.(g) tr(^(g), y^^" ) d^s), 

where the limit means that there is a finite convex subcomplex Eq such that the 
right hand side is the same for all P2;-invariant finite convex subcomplexes S of 
B{Q,¥) with S D Eq. Thus we want to show that the function 

(50) T^:g^ ^(-l)'^'--6.(5)tr(7r(5),y^^^') 

is constant on jj^'^"''^^'^'^'^^^^^ for all sufficiently large Pa;-invariant finite convex 
subcomplexes E. The function rs is invariant under conjugation by elements of Px 
because E is P3;-invariant. 

Lemma O yields B{Q,¥)9 = B{g,W)^ for aU g e Hr{'^)+1 n T, because r(7) > 
ht($)sd(7). Since 

(51) He^,.,.n^u^::iT^^^ui'\ 

the operator ■^{g^^^) restricts to the identity on V^'^ ' , for all x with dxix) < d{-y). 

Let P be a set of simplices in B{Q, ¥)'', such that 2? is a fundamental domain for 
the action of B on B ■ B{Q,¥)'^ and every cr G I? contains an interior point x with 
drix) < c?(7). Equation (ISUl) becomes 

(52) rs(ff)= efc.(.9)tr(^(5),F^-) = e.(6"V) tr(^(6- V), V^^^^^'), 

bo-ess ho-eSs 

where the sums runs over all polysimplices focr G E^ — E^ with ct G 2? and b E B. 
Notice that we pick only one b for each such polysimplex. Given another bi E B 
with bia = ba, we have bi^b G P^, so 6{bi,g) — 9{b,g), where 

e{b,g) := e,(6-\g6)tr(7r(6-ig&),F^i'"). 

We want to show that ts(7) — Tj:{g). Write bi = tiui G T(F){/+, where [/+ is the 
unipotent radical of B. By Lemma TG. 31 the map : u i— >■ [u~^,7] restricts 

to diffeomorphisms 

{ueU+ : [ii-\7]GP,}^P,nt/+, 

{m G J7+ nG : [li"\7] G Pa) Par\jj+. 

Hence we can find U2 G {/+ fl G with [m2^"'^,7] = [u^'^jg] ~ \b'^^^g]. This implies 
that 7 and g fix U2(t, so 7i2cr occurs in the sum ts(7), although it not necessarily 
equals biu. Now 

0(U2 , 7) = ( ["2^ \ 7]7) tr (^( [^2^ \ 7)7) , V'^'"^' ) 

= e,(K\3]5(5-^))tr(^(K\g])7r(g)^(5-'7),^''^°')- 
Since E^ = E''', 5~^7 fixes a pointwise, while in view of (jSip and the definition 
of 7r((7~^7) acts as the identity on V^'' \ Therefore 

^("2, 7) - e,{[u^\9]g)) tr(^([ur\ g]5), T^^"'' ) = ^("i, 5) = ^(^1,3), 
which shows that every term of the sum ([5^ also occurs in ts(7). The converse 
also holds and both sums have the same number of terms, so we can conclude that 
rs(7) = Ts{g)- 

(b) Lemma [^751 shows that any element of [/^''(^)+''^(^))^ is P^-conjugate to one 
of 7/^^(7)+ n T. Hence (b) follows from (a). 
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(c) To a large extent we will copy the proof of part (a), but wc take advantage 
of • As = B{G,V). This clearly implies ^(7) ~ 0, so that P is a collection of 
simplices of As that form a fundamental domain for the action of 7jq{S) on ^5. 
This T) works for both 7 and g — 7/1. 

With these choices the proof of (a) mostly goes through, even though we do not 
know whether B{Q,VY equals B{Q,¥)'^ or not. The only problem arises in the last 
line, where we still have to justify that the sums ts;(7) and T^{g) involve the same 
number of terms. It suffices to show this for the number of terms n(f7, 7) (respec- 
tively n{a,g)) corresponding to a particular simplex ct e 2?. For sufficiently large S 
these numbers equal the number of simplices oi B{G,^)"' (respectively B{Q,¥y) of 
the form ua with u G . Guided by Proposition 14.21 we have a closer look at the 
maps 

(pj : u 1-^ [7, u"^] and (j)g : u ^ [g, u^^], 

both from U+ to U+ . It is easy to see that (l)'y{U+) U (pg{U+) C [/+. Now Proposi- 
tion [521 (a) tells us that 

(53) ?i(a,7) = [{u e U+ : [7,«-i] e P.} : P. n C/] = [(j>-\U+) : U+], 

and similarly for n{a, g). Like in the proof of Lemma l6.31 the generalised eigenvalues 
of the differentials D(j)j,D(j)g : LieF(W"'") LieF(Z^''') are {1 — a{'-f) : a G $"'"} and 
{I — a{g) : a £ ^~^}, and they occur with multiplicity da ■— d\mLier{l^a/^2a)- 
The restriction h £ Hsd{-y)+ H T implies 

v{l — a{g)) = v(l — a{'-f)a{h)^ = v(l — a{'-f) + q;(7)(1 — C({h))) = v(l — a(7)) 

for all a S $. Let fiij+ be a Haar measure on the locally compact group For 
any compact open subset K C C/"*" 

(54) ^iuAMK))= n l|l-«(5)llF"M[/+(i^) 

= n l|l-a(7)llF"M[/+(^) = Mc/+(07W)- 
Qe<i>+ 

But and 4)g are diffeomorphisms, so and also multiply volumes by the 
same factor. Together with (|53p this shows that n(o', 7) — 7i((t, g), as required. □ 

7.2. Local constancy for non-compact elements. We would like to generalise 
Theorem 17.21 to all regular scmisimple elements. This is possible using Jacquet 
modules and parabolic restriction as in [5j. Although the methods in [5] are alge- 
braic and not restricted to complex coefficients, Casselman refers to earlier work 
which was written with complex representations in mind. This makes it hard to 
judge whether Casselman's proofs work for representations in good characteristic. 
Fortunately, Vigneras |22| proved the required results in this generality. 

Let 7 G T be a semisimple element and let P.y C G be the parabolic subgroup 
contracted by 7, which is defined in Since F is complete with respect to the 
valuation v, Proposition I2.3|(d)| shows that 7 is compact in M^. It follows from 
Proposition I2.3|(b)] that Liep (TZuiV-y)) C Liev{Q) is the sum of all eigenspaces of 
Ad(7) corresponding to eigenvalues with strictly positive valuation. (Although the 
eigenvalues may lie in a field extension of F, this subspace is defined over F.) Simi- 
larly, Ru(P-y-i) corresponds to the 7-eigenvalues with strictly negative valuation. 

The description of (standard) parabolic subgroups in Definition l2.2l shows that Mj 
contains a maximal split torus of G, say S-y. It may happen that j ^ Sj. Let x 
be a point of the apartment A^ of B{G,¥) corresponding to Sj. Proposition 15.21 
implies 

(55) c/i^) = (c/i^) n Ru(P^-i)) (c/i^) n M^) (c/i^) n Ru(p^)), 
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or, in other words, Ux'^'' is well-placed with respect to {P^,M^). The collection 
X — {gx e 13{Q, F) : g lies in the maximal compact subgroup of T} 

is finite and 7-invariant. Since T C M^, the subgroup C/^^' is well-placed with 

respect to (P^,M^) for every x' G X. The group K^'^'> :— Cl^'ex ^i'^' ^^^^ well- 
placed: 

= (if(-) nR„(P^-i))(if(^) nM^)(if(^) nR„(P^)) =: k^,'^ k^_^K 

It follows that 

iKl'-i 2 , 7^0 7 =Kq', 7^+ 7 £ -f^-h , 

so that the sequence X*^'^' for e G N has all the properties claimed in [6]. 

Theorem 7.3 ([HI II. 3. 7]). Let {tt,V) be an admissible smooth G -representation 
in good characteristic and let g ^ G be such that Pg = P^. There exist increasing 

sequences J finite- dimensional vector spaces V^'^^ C V^'' ' and V^p'^jp -j £ ^'r°(p ) 
such that 

(a) Ue ^^'^ ® ^(Ru(P7)) = 1^ and U, <|p^,) = 1^i„(p,), 

(b) The quotient map V — > V/V{K-a{P-f)) — Vr^(p ) restricts to bijections 

(c) y*^"^^ is stable under T:{lj^(^)gj^(c)). 

This setup allows us to use the (elementary) arguments from l5l, page 104], which 
result in 

(56) t4fi{K^-^gK^-^)-\{lKi.,gKi^,),V) = tr(7rR,„(p^)(g), l/jfj^^^) 

for all 5 e G with Pg = P^. Notice that the set of such g is contained in M^, so it 
is not open in G unless 7 is compact in G. 

Theorem 7.4. Let 7 be a regular semisimple element. Theniv^^i^) andtv-,^^ ^(7) 
are both defined, and they are equal. 

Proof. Since 7 is compact in Af^, Theorem l7. 21 tells us that tr^j^ jp^^ is well-defined 

and constant near 7. Pick an e e N such that it is constant on "^K^f^. Now (15^ 
yields 

tr-B„(P,)(7) = tr(^R„(p^)(7 * (i^^'^)) , 1^r„(p,)) = tr(7rR„(p^)(7), ■l^ij^°(p^)) 

= tr(M(if(^)7^^^^)-V(l^<.),^,.)),y). 

As the subsets K^'^^^K^'^^ form a neighbourhood basis of 7 in G, taking the limit 
e — >■ 00 and invoking Lemma 16.21 shows that tr^(7) is well-defined and equals 
tr^H„(P.,)(7)- □ 

This theorem, which Casselman 5 proved for complex representations, enables 
us to reduce the computation of traces from general semisimple elements to compact 
semisimple elements. Theorem l7.2l tells us on which neighbourhood of 7 the function 
^^'^Ru(Pj) constant. But this is only a neighbourhood in Mj. We also want to 
know on which neighbourhood in G the function tr^r is constant. Let r{'-f) be such 
that Theorem 17.21 fa) holds when we view 7 as a compact element in AI^. 

Theorem 7.5. Let j be a regular element of a (not necessarily split) maximal 
torus T of G. Let (tt, V) be an admissible representation of G of level e in good 
characteristic. 
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(a) The function tiv is defined and constant on Hr(^^)+^r\T , and on all G-conjugacy 
classes intersecting this set. 

(b) The function tr^ is constant on jj^'^^^^'^'^^^^^ ^ ^ jgf any x G B{Q,¥). 

Proof. For every root a E <f>(t?(F), T(F)) and every g e Hr{^)+1 H T we have 
v{a{gy) = 'D(q;(7)) because g^^"^ is compact. Together with ([5]), this imphes Pg = 
Pj, so that Theorem 17.41 apphes to all g G Hr('y)+1 ^ T and tells us that tr^(g) = 
tr^j^ (p Theorem 17.21 and Proposition 15.81 show that tr^^, ^ is constant on 

^r(7)+7'~lT, so the same goes for tr^r. This proves (a), from which (b) follows upon 
applying Lcmma l6.5l □ 

This theorem is similar to [U Corollary 12.11], which was proved only for complex 
representations and "tame" elements 7. Our neighbourhoods of constancy are 
usually smaller than those in 11], because Theorem 17.21 fa) is not optimal. The 
results of Adler and Korman suggest that Theorem [721(c) could be valid whenever 
the maximal torus T splits over a tamely ramified extension of F. Possibly this has 
something to do with Rousseau's result (^5)) . 



8. A BOUND FOR THE DIMENSION OF 

In this section, we will use the resolutions of [TT] to estimate the dimension 
of V^^"^ for an admissible representation (tt, V) of G in good characteristic. We 
abbreviate Ke Ux'^\ 

First we estimate the growth of some related double coset spaces in order to 
show that our later estimates are optimal, at least for GL„. 

Since every irreducible smooth representation is a subquotient of a parabolically 
induced one, the essential case is V — Indp(Vl^), where P is a parabolic subgroup 
of G and (p, W) is a supercuspidal representation of P/Ru(P). There is a natural 
isomorphism 

(57) ^ M^^ngi^.s-i^ 

PgK, 

where the sum runs over all double (P, ife)-cosets. The space P\G/Ke is finite 
because P\G is a complete algebraic variety (and hence compact in the p-adic 
topology) and is open. We will discuss how \P\G/Ke\ grows as e increases, 
under some simplifications. If P is a Borel subgroup and p is a character, then 
\P\G/Ke\ and dimT^^^ have equivalent growth rates. 

Suppose that G is split. Let 5* be a split maximal torus of G and let Pd be a 
standard parabolic subgroup of G. The dimension of Pd\G is 

dim{PD\G) = dimw{Uej^iG)/Uew{PD)) - diniF LieF(;7„) = |$-| - |$^|. 

Let X £ As. By construction, the groups K,, decrease equally fast in every direction; 
if Ke corresponds to a lattice i'"^^ in LieF(G), then K^+i corresponds to 'PP^'^), 
where *P is the maximal ideal in the maximal compact subring of F. Hence a 
double coset PogKe contains approximately q.dim(P£j\G) (Jq^^-jIq (p^^ i^g^_j)-cosets. 
Therefore, \Pd\G / Ke\ grows, in first approximation, like qedim(PD\G)^ 

Now we focus on the easier example G = GL„ and let P and S be the stan- 
dard Borel subgroup and the standard maximal torus in GL„(F). The irreducible 
representations of S* = P/Ru(P) are characters. Let (p, C) be such a character 
and let V be the parabolically induced representation of G. Since any character is 
trivial on fl S for large enough e, 

(^PngK^g c for large enough e, so that 
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dim(y^=) = \P\G/Ke\ for large e. These numbers are routine to compute: 

(58) l^'\G/A'e| w e"-ig'="("-i)/2 

in the sense that the quotient of both sides tends towards a constant as e — )■ oo. 

For complex representations, we may use the growth rate of dim V^' to estimate 
the growth of the character. It will, however, turn out that these estimates are far 
from optimal. The idea is simple enough: if tr^r is constant on Kf,-^, then 

*^-(^) = I *^-('^) '^'^(^) = tr(7r((i^e)7))- 

Equip the finite-dimensional vector space with some norm. Since the range of 
{Ke)'y is contained in V^' C V^" and the largest eigenvalue of {Ke)j is controlled 
by the operator norm \\{Ko)j{Ko)\\^, we get the estimate 

(59) |tr,(7)| < ||(A'o)7(A'o)IL •dimy^^ 

Since the function 7 H> {Ko)'^{Ko) is locally constant, the local growth of the 
right hand side is equivalent to that of dimT^^^. This depends on 7 via e. For x 
sufficiently close to the set of singular elements (namely, for sd(7) > e + d{'j)) we 
may take e = sd(7) by Theorem 17.21 

Unfortunately, a direct computation for GL„ shows that 

oc 

dim 1^^-= • fi{g G !<„ : sd{g) = e} 

diverges, already for GL2. Hence the estimate (l59l) does not imply the local integra- 
bility of tr^r . The authors have not been able to detect the additional cancellation 
in our trace formula that makes the character locally integrable. 

Instead, we estimate of the growth of dim V^^ . For convenience, we assume that 
a; = o is the origin of the apartment As and that e € Z>o. 

Theorem 15.61 assigns to every convex subcomplex S of B{Q,¥) a subspace of V, 
namely the image 'J2x<et,° of do : Co(S, V) — > V. This space admits an impor- 

tant alternative description if S is finite. 

Theorem 8.1 ([IH Theorem 2.12]). The elements 
are idempotent and 

u^^^n{G,Z[l/p]) = (C/(^))H(G,Z[l/p]), 
(l-4^))H(G,Z[l/p])= fl (l-(C/i'=)))H(G,Z[l/p]). 

In particular, 

im(5o : Co(S, V) ^ V) ^ ^ F^^'' = u^'V. 
It is shown in [llj that there is a convex subcomplex Eq such that {Uo^^)u'^^ = 

{u^^'^^Wil for all 

convex subcomplexes S with S D Sq. The following lemma 
describes Eq explicitly. To state it, we need some notation. For a G we define 

^5+ := {xeAs: {x,a} > r}, 

Af,:^{xeAs:{x,a)e[-r,r]}, 

A'^- := {xeAs: {x,a) < -r}. 
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and for any map e : $ — {+, 0, — } we write 

Most of the sets A'^g ^ are empty, some are compact, and the others are unbounded. 
The non-empty partition As- Let be the union of the bounded ^5^! 

this is a polysimphcial subcomplex of As which is star-shaped around o. The 
subcomplex Br ■= Po-A'g^ of B{G, F) is obviously stable under the action of all the 

groups C/r' for s e ]R>o. We may think of Br as a combinatorial approximation to 
a ball of radius r around o. 

Lemma 8.2. Let r G Z>e and let S C S(5,F) be any finite convex subcomplex that 
contains Br~e- Then 

Proof. Fix e: $ — ^ {+,0,—} such that is unbounded. First we establish 

{U^''^){UI^^) = (C/i''^)([/}f,^) for certain facets F,F' C The coroots e $^ 

with e(a) — span a proper subspace Ag j_ C A5. We may pick a non-zero vector 
J*^ £ such that 

(1) is orthogonal to Ag j_, 

(2) A%,._^ +m>,S^CA'sl_^, 

(3) S'^ lies in the span of an irreducible root subsystem of <3>^ (here we 
decompose $^ as a direct sum of irreducible root systems). 

For every facet F C Ag let AI{F) C v4|.^_g be the unique facet such that for 
all a; e F there exists A > with x + X ■ S'' C M{F). We claim that 

(60) (C/i'^))(4'^^) = (C/i'-')(C/l:}^)) for F C 

In view of the unique decomposition property (Proposition 15. 2p this is equivalent 
to 

(C/i'^) U uP) nU^^ ([/('■) U C/i;}^)) n C/„ for all a G <i>'-°^ 

By definition, C/i''' n Ua — Ua,r+ and f/]^^^ fl [/„ = Ua^^a{x)+e+ for x £ F. If 
e(a) = — , then —a -f e > r on F U M{F), so that 

3 c/an(c/Wuc/(;J^)). 

If e{a) ^ — , then sup^.^^ —a{x) < swp^^J^J|^p^J ~a{x), which combined with Up^ C 

^m\f) yields U*^^^ n = f7|^|^j n This finishes the proof of plf- 

Now we use to establish some cancellation. Every facet F in ^5 can be 
written uniquely as F = Fp x F± , where Fq, and F± are facets in M^'^ and ^'^ C ^5, 
respectively. Consider a facet F C Ag such that M~^(F) is not empty. Then 
M{F) = F, and Af~^(F) consists of facets of F. Property (3) above shows that 
F[_ = Fi_ for any F' G M-i(F). Hence 

U F'^TXF^_, 

where r C R\E'^ consists of the facets of F^, that contain points of the form x + X5'^ 
with X G F and A > 0. In particular, t is diffeomorphic to 

(-1,1](5' + {xgF: (a;, 5"^) = c} 
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for some c G M, so that the Euler characteristic of t is zero. Therefore, 

(61) ^ (-l)d™^^' ^ J2 ^ 
F'GM-'^(F) F'£M-^(F) 

r' facet in r 

which together with ([SU)) yields 

(62) = & H{G,Z[l/p]). 

F'^M-'^(F) 

Suppose that As is any apartment of B(Q, F) that contains o and at least one facet 
F' G M^^{F). As 5'^ points away from o, the apartment As contains points of F, so 
that F C As- This enables us to extend the map M to aU facets oi B{Q^¥). RecaU 
that any Weyl chamber C As is a fundamental domain for the action of Po on 
B{Q,¥). On we define M according to the above recipe and by M{F) :— F if 
F C n Aj. The properties (l)-(3) of S" ensure that M{F) and F have the 

same isotropy group in Po, so we can extend M Po-equivariantly to B{Q,¥). 

Since E contains o and is a convex subcomplex of B{Q, F), its collection of facets 
is stable under M. By definition 

(C/M)4^) = ([/W)^(-l)'i°s'^([/(^)) 

F facet of S _F'GAif-i(F) 

Now (|62|) (which only holds for facets of unbounded Ag shows that the facets 
of Y^\Br-e do not contribute to this sum. As M is the identity on facets of Br-e, 
we remain with {Uo'''^)u'^^ — {u!y'^)u'^ _ . □ 

Remark 8.3. Lemma [8^ provides a direct proof of the special case of [TTl Proposi- 
tion 3.6] where the consistent system of idempotents is {U^^); this proof does not 
use the fact that the Hecke algebra is Noetherean. 

We turn to the space of invariants ' . Since it has finite dimension, it is 
contained in the range of u^' for some finite convex subcomplex S C B{Q,V). We 



may as well assume that E contains -B^-e, so that Lemma 18.21 vields 

The right hand side is contained in J2xeB° {Uo^^){Ux^^)V by Theorem I5.5((e)[ 
It is the space of t/i'^^-invariants in J2xgb° {ui'^'')V because J2xgb° {Ux'^^)V is 
Po-hwariant. Let Pq 3 {Uo'^) act on ©^.g^o {ui^'')V by g ■ {x,v) = {g ■ x,Tr{g)v). 
Then J2xGB- {Uo''^){Ux''^)V is a quotient of ©^g^o {U^''^)V. The addition map 



iui^'wY"' ^( E {ui^^)yY" 

(r) 

is surjective because Uo is compact and we are working in good characteristic. 
Since there are only finitely many G-orbits of vertices in B{Q,¥), 

(63) mv := max dimT^*^^ ' 
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exists. The dimension of (0^g^o (ui'^'')V)^° is at most mv\B°_^/Uo^^ \. 

(r) 

It remains to estimate the number of Uo -orbits of vertices in B^-e- For a G $ 
let da be the dimension oilAefilAa /U2a) and let do be the dimension oilAef{Zg(S)) . 
Recall that q = |0/*P| and that n'^^'L is the set of jumps of the filtration of Ua- 

Lemma 8.4. The number oj Uo^^ -orbits on B°_^ is of order 0{r'^™^^^Q^), where 
Q:=expnog(g) 2^ + — - — 

Proof. Recall from and Proposition 13. l|(c)] that 

Po = UoNo - u+u-{Po n Ng(5)), 

for any positive root system of $. Hence every facet of i?r-e — Po ■ r-e of 
the form u-F with u £ U'^U^ and a facet F of As- Fix F and choose a positive root 
system such that a{F) > for all a £ $+. Then U~ C [7^;: fixes f pointwise, 
so that we only need u £ U^. By Propositions I3.1((b)| and [5.21 the product maps 

are difFeomorphisms. Together with the conventions ([T0| we get 

(64) [C/+ : [/+ n C/M] = n [f^-.o : n C/M] 

Q.gcI)rodp<],+ 

= Y\. [Ua,oU2a,0 ■ Ua,r+U2a,2r+\ 

Cj£$rodp$ + 
Q,g<I)rodQ<j,+ 

Since we are dealing with unipotent pro-p-groups, these indices can be read off 
from the Lie algebras. For a e $ and s S n~^Z, the construction from (O and PH)) 
shows that Ua,s 2 C^q.s-i- corresponds to multiplying a lattice in \j\ef{lAa) with the 
maximal ideal *P of O, see also f^Tl, 3.5.4]. Hence 

[Ua,s/U2a,2s '■ C^a,s+/C^2a,2s+] — <Z''" , 
[Ua,o/U2a,0 '■ Ua,r+ /U2a,2r+] — q'^" 1""° ''+1 , 

where \y+~\ denotes the smallest integer larger than y+ G M. Similarly 
from which we conclude that 

(65) [u+ ■.u+ nu^'^]= Yl q'^-r«»-+iqd2or«2„r/2+i 

Q,g<J)rcdQ(f,+ 

< J]^ ^<ic.(nar+l)/2^d2c("2cr+2)/4^ 

Q,g<I)rod 

fr) 

This number is an upper bound for the number of Uo -orbits in Uo ■ F. Since it 
does not depend on F, we only need to multiply it with the number of facets of 
^s.r-e- While this number is not easily expressible in a formula, it clearly grows 
liker'i™^^, □ 
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Theorem 8.5. Let (tt, V) be an admissible G -representation of level e G Z>o in 
good characteristic. Let r G M>e and define Q and my as in Lemma 18.41 and (|63p . 
Then 

wii/i constants independent of V and r. 

Proof. The first estimate follows from Lemma 18.41 and the arguments above. Propo- 
sition 15.21 yields 

[t/^"^ : Uj;"^^"^] — [Hs+ : iJ^+s+J Y\. {^a,s+U2a,s+ '■ Ua,r+s+U2a,r+s+] 

Q.g<J>rod 

for all s e Z>o. A calculation like the one in and (1551) shows that this index is 
at least 

C[g(J>rod 

(We cannot be exact because we do not know at which points the filtration of H 
jumps.) This yields the second estimate. □ 

These estimates are sharp in some examples: ((55)) shows that (a) and (c) cannot 
be improved for GL„. Here all and da are 1, $ is reduced, and there are 
n(n — l)/2 positive roots, so that Q = 

9. Conclusion 

Let G be a reductive p-adic group and let (p, V) be an admissible representation 
of G on a vector space V of characteristic not equal to p. We have seen that the 
character of {p, V) is a locally constant function on the set of regular semi-simple 
elements, and we have described explicit open subsets on which it is constant. 
Furthermore, we have estimated the growth of the dimensions of the fixed-point 
subspaces V'-^^"^ for e — cx). Both results are based on the main result of [11] about 
the acyclicity of certain coefficient systems on the affine Bruhat-Tits building. 

It is still unclear whether Harish-Chandra's theorem about the local integrability 
of the character function for complex representations can be established using these 
resolutions. This may depend on a better understanding of the character formulas. 
While the resolution in |11| does provide an explicit formula for the character, more 
work is required to understand and simplify this formula. 
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